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NOTE 
Note on "A Characterization of Cubic Lattice Graphs" 
A cubic lattice graph is a graph G whose vertices can be identified with 
the ordered triplets on n symbols so that two vertices are adjacent if and 
only if the corresponding triplets have common symbols in exactly two 
positions. In a recent paper [1], Laskar showed that a cubic lattice graph 
is characterized by the five properties given below when n > 7. We show 
in this note that one of these properties is implied by the other four under 
the same restriction on n. 
Let G be a connected graph and let V(G) be the vertex set of G. For  
y ~ V(G), define 
Ai(y)  = (z : z ~ V(G), d(z, y)  = i}, i = O, 1 ..... 
where d(z, y) is the distance between z and y. I f  G is a cubic lattice graph, 
then it possesses the following properties: 
(bl) I V(G)I = n ~. 
(b~) I AI(y)[ = 3(n -- 1) for all y e V(G). 
(be) I Az(x)  n A~(y)I ~ n - -  2 if d(x, y) ~- I. 
(b~) I A~(x) n Az(y)I ~ 2 if d(x, y)  -~ 2. 
(bs) 1 A~(x) n As(y)I = n --  1 if d(x, y) ~ 2. 
Laskar showed that, conversely, if G is a connected graph satisfying 
(ba)-(bs) for n > 7, then G is a cubic lattice graph. We show here that 
(bl)-(b~) imply (bs) when n > 7. We may use Lemmas (2.2.1)-(2.2.7) of [1] 
since the proofs of these lemmas do not require (bE). 
For  any y e V(G), the sets Ao(y), AI(y),. . .  are clearly disjoint and, since G 
is connected, contain all vertices of  G. We first show that A~(y) = d~ for 
i > 3 and any y. I f  not, then there exists x E A4(y). Let u e A2(x ) n A2(y) 
and consider the set of vertices adjacent o both u and x or to both u and y. 
By (b,) the number of  vertices in this set is four, and if any two of these 
are adjacent we contradict either Lemma (2.2.6) or the assumption 
d(x, y) = 4. I t  follows that G contains a claw of order four with vertex u, 
which contradicts Lemma (2.2.1)-(i). 
Using (b~)-(b4) we have 
I A0(y)l = I, I AI(y){ = 3(11 - -  1), I /2(y) l  = 3(n - 1) ~. 
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Hence by subtraction, using (bl), 
]As(y)] ~ (n - -  1) 3 .
Define E(y) as the number of  edges (x, z) where x ~ A2(y), z ~ As(y). 
We first obtain a lower bound on E(y),  Let z ~ A3(y) and let z, x, u', y be a 
chain joining z and y. By (bD there exists u" ~ Ax(x) n A~(y) such that 
u" ~ u', and it is clear from Lemma (2.2.4) that d(u', u") ~ 2. Again by 
(b4) there exists x' E Al(z) c~ A~(u'), x" ~ Al(z) c3 Al(U") such that x' if: x, 
x" :~ x. I f  x' = x", then x, y, and x'  are three vertices in A~(u') n A~(u"), 
which contradicts (b4). Hence x, x', and x" are distinct vertices, and thus 
r A2(y) n AI(z)/ >~ 3. Since z~A3(y)  can be chosen in (n -  l) 8 ways, 
it follows that E(y)  ~ 3(11 -- 0 3. 
I f  we first fix x ~ A~0'), then by Lemmas (2.2.2) and (2.2.6) it is easily 
seen that 
] A~(x) n As(y)[ ~ n --  1. 
Since x ~ A2(y) can be chosen in 3(n - -  1) 2 ways, we have E(y) ~ 3(n --  1) 8, 
which implies that E(y)  ~- 3(n - 1) n and hence that (Al(x) n A~(y)I = n -- 1 
for all x ~ A~(y). Since y is arbitrary, the equality holds for all pairs x, y 
such that d(x, y) ~ 2. 
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